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Abstract This article generalizes the formulas of Gauss-Ostrogradskii type for semibasic
vector fields from Riemannian manifolds to real Finsler manifolds and obtains some for-
mulas of Gauss-Ostrogradskii type for Finsler vector fields which are expressed in terms of
the vertical and horizontal derivatives of the Cartan connection in real Finsler manifolds.
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1 Introduction
The problem of determining a Riemannian metric on a compact manifold with boundary
from known distances in this metric between the boundary points leads to an integral geometry
problem for a tensor field. Integral geometry of tensor fields is the basis for tomography of
anisotropic media whose interaction with sounding radiation depends essentially on the direction
in which the latter propagates. It is closely related to some inverse problems for kinetic and
transport equations in various kinds of applied fields.
In [7] the integral geometry of tensor fields on Riemannian manifolds is investigated in
detail and various kinds of ray transforms are discussed. Formulas of Gauss-Ostrogradskii type
for semibasic vector fields are obtained in terms of the vertical and horizontal derivatives of
the Riemannian metric. One can see that formulas of Gauss-Ostrogradskii type for semibasic
vector fields play an important role in investigating the integral geometry of tensor fields in
Riemannian manifolds.
In this article, we generalize the formulas of Gauss-Ostrogradskii type for semibasic vector
fields from Riemannian manifolds to more general real Finsler manifolds and we obtain some
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formulas of the Gauss-Ostrogradskii type for Finsler vector fields in terms of the vertical and
horizontal derivatives of the Cartan connection.
2 Finsler Vector Fields and Nonlinear Connection
Let M be a real manifold of dimension m; we shall denote by TM its tangent bundle,
and by π : TM → M the canonical projection. If (x1, · · · , xm) is a local coordinate system
defined in a domain U ⊂ M , then on π−1(U) ⊂ TM the family of the functions (x, y) =
(x1, · · · , xm, y1, · · · , ym) is a local coordinate system which is called as associated with the
system (x1, · · · , xm). A local coordinate system on TM will be called a natural coordinate
system if it is associated with some local coordinate system on M . In this article we only use
such coordinate systems on TM .
If (x̃1, · · · , x̃m) is another coordinate system defined in a domain Ũ ⊂ M , then in π−1(U∩Ũ )
the associated coordinates are related by the transformation law:





































We shall denote by o : M → TM the zero section of TM , that is, o(p) = op is the origin
of TpM , and we set M̃ = TM/o(M), which is the tangent bundle minus the zero section. In
the following, we set ∂i = ∂/∂x
i, ∂̇i = ∂/∂y
i and the usual Einstein sum convention is assumed
for the repeated up and low indices.
A Finsler metric on a manifold M is a function F : TM → R+ satisfying the following
properties ([1])
(a) F 2 is smooth on M̃ ;
(b) F (x, y) > 0 for all (x, y) ∈ M̃ ;
(c) F (x, λy) = |λ|F (x, y) for all (x, y) ∈ TM and λ ∈ R;
(d) for any x ∈ M the indicatrix IF (x) = {y ∈ TxM |F (x, y) < 1} is strongly convex.
A manifold M endowed with a Finsler metric F will be called a Finsler manifold, and we
denote it by (M, F ). A Riemannian manifold is characterized by F (x, y) =
√
gij(x)yiyj .
Note that the canonical projection π defines on the vertical bundle V={X ∈ TM̃ | dπ(X) =
0} a structure of vector bundle of rank m over M̃ . We denote by XV (M̃) the module of its
sections, called vertical Finsler vector fields as in [3]. The vertical Finsler vector fields form a
subalgebra,XV (M̃), of the Lie algebra X (M̃) and is a finitely generated module over the ring
of the smooth functions C∞(M̃) of M̃ .
A given supplementary subbundle H of V called horizontal bundle, that is,
TM̃ = H⊕ V
No.2 Li & Zhong: FORMULAS OF GAUSS-OSTROGRADSKII TYPE 385
defines a nonlinear connection on M̃ , and we denote by XH(M̃) the module of its sections,
called horizontal Finsler vector fields as in [4]. The horizontal Finsler vector fields on M̃ form
a finitely generated projective module XH(M̃) over C∞(M̃). However, in general they do not
form a subalgebra of the Lie algebra X (M̃ ). Note that there exists an isomorphism of H(x,y) to
V(x,y), which was called a horizontal map in [1]. Furthermore, it was proved in [1] that there is
a one-to one correspondence among horizontal bundles, nonlinear connections, and horizontal
maps.
Let N ji (x, y) be the coefficients of the nonlinear connection. Then the following Finsler
vector fields
{δi = ∂i − N ji ∂̇j}, {∂̇j}
are called the local adapted bases of H and V , respectively. The dual adapted bases are denoted,
respectively, by
{dxi}, {δyj = dyj + N ji dxi}.
A horizontal Finsler tensor at (x, y) ∈ M̃ is defined as a tensor on the vector space H(x,y),
and a vertical Finsler tensor at (x, y) ∈ M̃ is defined as a tensor on the vector space V(x,y).
Horizontal Finsler tensors and vertical Finsler tensors are both called Finsler tensors. Note that
Finsler tensors are defined on M̃ and they have the same transformation law as those tensors
which are defined on M . In [7], tensor fields on TM whose transform law under the local
transformation of (2.1), which is the same as that of tensor fields on M are called semibasic
tensor fields. Thus, Finsler vector fields are sometimes called semibasic vector fields.
The Finsler metric tensor is defined by
gij(x, y) = 2
−1∂̇i∂̇jF
2(x, y).
Condition (d) in the definition of Finsler metric is equivalent to the positive definiteness of the
Levi matrix (gij). Let
γijk(x, y) = 2
−1gi(∂jgk + ∂kgj − ∂gjk),
where (gij) is the matrix inverse to (gij). We set




F ijk(x, y) = 2
−1gi(δjgk + δkgj − δgjk),
Cijk(x, y) = 2
−1gi(∂̇jgk + ∂̇kgj − ∂̇gjk) = 2−1gi∂̇jgk,




jk being, respectively, the coefficients of the nonlinear, horizontal, and vertical
parts of the Cartan connection of the Finsler manifold (M, F ). If (M, F ) is a Riemannian man-
ifold, then Cijk = 0, γ
i












N ik(x, y) = F
i
jk(x)y
j , F ijk(x) = ∂̇j(N
i
k(x, y)).
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and deflection-free, that is,





































∇j=: ∇∂̇j and let X i(x, y) be a Finsler vector field. Then the
horizontal covariant derivatives and vertical covariant derivatives of X i(x, y) with respect to
the Cartan connection are given, respectively, by
h
∇j X i = δjX i + F ikjXk,
v
∇j X i = ∂̇jX i + CikjXk.
These formulae can be extended to any Finsler tensor fields in the usual way.
Obviously, in the adapted local frame {δi, ∂̇i},
ĝ(x, y) = gij(x, y)dx
i ⊗ dxj + gij(x, y)δyi ⊗ δyj
defines a Sasaki type metric on the tangent bundle TM . It is a canonical Riemannian metric
on TM , which is induced by the given Finsler metric F on M .
If F comes from a Riemannian metric, then the Riemannian structure on TM can be
chosen to be the Sasaki metric [6]:
ĝ(x, y) = gij(x)dx
i ⊗ dxj + gij(x)δyi ⊗ δyj,
and the geometry of TM with this metric was investigated in [6].




− F ijk. (2.7)
If P ijk = 0, then (M, F ) is called a Landsberg space [2]. Obviously, if (M, F ) is a Riemannian
manifold, then by (3.2) and (3.3) we have P ijk = 0. The further meaning of the vanishing of
P ijk was investigated in [5]. In the following, we denote Pj =
m∑
k=1




3 Formulas of Gauss-Ostrogradskii Type
In this section, we shall first define two Finsler 2m−1 forms on M̃ and then obtain various
kinds of Gauss-Ostrogradskii type formulas for Finsler vector fields in terms of the vertical and
horizontal derivatives of the Cartan connection.
No.2 Li & Zhong: FORMULAS OF GAUSS-OSTROGRADSKII TYPE 387
Let
dV 2m(x, y) = gdx1 ∧ . . . ∧ dxm ∧ dy1 ∧ · · · ∧ dym.
Note that the above (m, m)-form is invariant by replacing dyi with δyi, that is, we have
dV 2m(x, y) = gdx1 ∧ . . . ∧ dxm ∧ δy1 ∧ · · · ∧ δym.
Therefore, dV 2m(x, y) is the invariant volume form that is associated to the Riemannian struc-
ture ĝ on TM , that is, dV 2m(x′, y′) = dV 2m(x, y).
In the domain of the natural coordinate system of TM we introduce two (2m − 1)-forms:
v
ωi= (−1)m+i−1gdx1 ∧ · · · ∧ dxm ∧ dy1 ∧ · · · ∧ d̂yi ∧ · · · ∧ dym, (3.1)
h




(−1)m+jN ji dx1 ∧ · · · ∧ dxm ∧ dy1 ∧ · · · ∧ d̂yj ∧ · · · ∧ dym]. (3.2)




ωi are Finsler covector fields on TM ; consequently, for
every Finsler vector field u = (ui(x, y)) on TM , the forms ui
v
ωi and u
i hωi are globally defined
on TM .













Locally, this is equivalent to prove the following equalities
v























Now, by (2.2), (2.3) and (3.2), (3.3), we have
v




ωj ∧dx′k = 0,
v
























2m = −δki dV 2m,
h




ωj ∧dx′k = −δki dV 2m,
h
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This completes the second equality of (2.6) and thus, Lemma 3.1 is proved.
Theorem 3.2 Let (M, F ) be a real Finsler manifold. If u = (ui(x, y)) is a Finsler vector
field on TM and D is a bounded domain D ⊂ TM with piecewise smooth boundary ∂D, then

























































































dV 2m = (
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∇i ui − uiPi)dV 2m. (3.8)
Now (3.4) follows from Lemma 3.1 by applying the Stokes theorem to (3.7) and (3.8) on the
bounded domain D ⊂ TM , respectively.
In the following, we shall show that, for some particular type of domain D ⊂ TM , which
is important for investigating the ray transformation in Riemannian geometry, the Gauss-
Ostrogradskii formulas have simple forms.
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Let G be a bounded domain in M with smooth boundary ∂G. In the following, we denote
〈y, y〉F = |y|2F = gij(x, y)yiyj . For 0 < ε0 < ε1, we denote by Tε0,ε1G the domain in TM , which
is defined by
Tε0,ε1G = {(x, y) ∈ TM |x ∈ G, ε20 ≤ |y|2F ≤ ε21}.
Then we have
Theorem 3.3 Let (M, F ) be a real Finsler manifold. If u = (ui(x, y)) is a Finsler vector


























ΩεiG = {(x, y) ∈ TM |x ∈ G, |y|F = εi}, i = 0, 1,
and
Tε0,ε1(∂G) = {(x, y) ∈ TM |x ∈ ∂G, ε0 < |y|F < ε1}.
Proof The boundary of the domain Tε0,ε1G consists of three piecewise smooth manifolds:
∂(Tε0,ε1G) = Ωε1G − Ωε0G + Tε0,ε1(∂G). (3.11)
There is a canonical diffeomorphism








The second summand on the right-hand side of (3.11) is furnished with a minus sign to em-
phasize that it enters into ∂(Tε0,ε1G) with the orientation opposite to that induced by the
diffeomorphism µ.
Since the boundary ∂G is smooth near every point x0 ∈ ∂G, we can choose a local
coordinate in a neighbourhood of x0 such that dx
n = 0 on Tε0,ε1(∂G). Thus, the restric-
tion to Tε0,ε1(∂G) of
v
ωi is zero. On the other hand, ΩεG is determined by the equation
|y|2F = ε2 = const, thus, the restriction of
h






































Now, by the h-metrical of the Cartan connection, we have,
h
ωi ∧d|y|2F = 0 on ΩεG,
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thus, we have
h
ωα= 0(1 ≤ α ≤ m − 1) on ΩεG. Thus, we complete the proof of Theorem 3.3.
In the following, we want to investigate the Gauss-Ostrogradskii formula for semibasic





which is defined on TM for y = 0. It is easy to check that
d|y|F ∧ dΣ2m−1 = dV 2m, ∀(x, y) ∈ ΩεG,
thus, it is natural to call its restriction to ΩεG, the volume form of the manifold ΩεG. It is




















〈u, y〉F dΣ2m−1. (3.12)
Since G is smooth near every point, that is, x0 ∈ ∂G, if we choose a coordinate system
(xi) in a neighbourhood of the point x0 such that ∂G is determined by the equation x
m = 0
and xm > 0 outside G, then
h
ωα= 0(1 ≤ α ≤ m − 1) on Tε0,ε1(∂G).
One can verify that
dV 2m−1 =
h
ωm= (−1)m−1gdx1 ∧ · · · ∧ dxm−1 ∧ dy1 ∧ · · · ∧ dym
is globally defined on Tε0,ε1(∂G), and we call it the volume form of the manifold Tε0,ε1(∂G),














Now, we assume that the Finsler vector field u = u(x, y) is positively homogeneous in y,
that is,
u(x, ty) = tλu(x, y), t > 0.
Let 1 = ε0 < ε1 = ε and denote ΩG = Ω1G. Since d
∑2m−1
is (m− 1)-homogeneous in y, that
is,
dΣ2m−1(x, ty) = tm−1dΣ2m−1(x, y),
we have
µ∗(〈u, y〉dΣ2m−1) = ελ+m〈u, y〉dΣ2m−1,
where µ∗ denotes the pull-back of a differential form. Since 〈u, y〉F is (λ + 1)-homogeneous in
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If we define the diffeomorphism




∇i ui + uiCi)dV 2m](t, x, y) = tλ+m−2(
v
∇i ui + uiCi)(x, y)dt ∧ dΣ2m−1(x, y).
Since yidy
i = 0 is valid on ΩG, we have dy = dy1 ∧ · · · ∧ dym = 0 on ΩG. Therefore,
χ∗[(
v
∇i ui + uiCi)dV 2m](t, x, y) = tλ+m−2(
v



















∇i ui + uiCi)dΣ2m−1
=
ελ+m−1 − 1





∇i ui + uiCi)dΣ2m−1. (3.15)




















∇i ui − uiPi)dΣ2m−1. (3.16)
The difference between the coefficients on the right-hand sides of (3.15) and (3.16) is due to the
fact that the homogeneity degree of the function
h




Let ∂ΩG = {(x, y) ∈ TM |x ∈ ∂G, |y|F = 1} and consider the diffeomorphism
χ : [1, ε] × ∂ΩG → T1,ε(∂G), χ(t, x, y) = (x, ty),
which is the restriction of the diffeomorphism (3.14) to [1, ε] × ∂ΩG. Let (x1, · · · , xm) be the
semigeodesic coordinate system used in the definition of the form dV 2m−1. We have





(−1)i−1yidx1 ∧ · · · ∧ dxm−1 ∧ dy1 ∧ · · · ∧ d̂yi ∧ · · · ∧ dym.
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Now, we obtain the following
Theorem 3.4 Let (M, F ) be a real Finsler manifold. If u(x, ty) = tλu(x, y) is a homo-
geneous Finsler vector field on TM and ΩG = {(x, y) ∈ TM |x ∈ G, |y|F = 1}, then, we have
















Remark 3.1 For a Riemannian manifold (M, F ), we have Ci = Pi = 0, gij(x, y) = gij(x);
consequently we can choose the semigeodesic coordinate system (x1, · · · , xm) used in definition




m hωm= 〈u, ν〉dV 2m−1,
where ν is the unit vector of the outer normal vector to the boundary.
Since in the Riemannian case the fibre TxM ⊂ TM is provided with the structure of a
Euclidean metric which is induced by the Riemannian metric on M , one can immediately obtain
the Gauss-Ostrogradskii formulas in terms of Riemannian metric (cf. [7, p.110,Theorem 3.6.3]).
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